
Chemical Physics 457 (2015) 122–128
Contents lists available at ScienceDirect

Chemical Physics

journal homepage: www.elsevier .com/locate /chemphys
Non-dispersive carrier transport in molecularly doped polymers
and the convection–diffusion equation
http://dx.doi.org/10.1016/j.chemphys.2015.06.001
0301-0104/� 2015 Elsevier B.V. All rights reserved.

⇑ Corresponding author.
A.P. Tyutnev a,⇑, P.E. Parris b, V.S. Saenko a

a National Research University Higher School of Economics, 20 Miasnitskaya Ulitsa, Moscow 101000, Russia
b Department of Physics, Missouri University of Science and Technology, 1315 North Pine Street, Rolla, MO 65409-06403, United States

a r t i c l e i n f o a b s t r a c t
Article history:
Received 4 May 2015
In final form 3 June 2015
Available online 10 June 2015

Keywords:
Multiple trapping model
Green function
Theory versus experiment
We reinvestigate the applicability of the concept of trap-free carrier transport in molecularly doped poly-
mers and the possibility of realistically describing time-of-flight (TOF) current transients in these mate-
rials using the classical convection–diffusion equation (CDE). The problem is treated as rigorously as
possible using boundary conditions appropriate to conventional time of flight experiments. Two types
of pulsed carrier generation are considered. In addition to the traditional case of surface excitation, we
also consider the case where carrier generation is spatially uniform. In our analysis, the front electrode
is treated as a reflecting boundary, while the counter electrode is assumed to act either as a neutral con-
tact (not disturbing the current flow) or as an absorbing boundary at which the carrier concentration van-
ishes. As expected, at low fields transient currents exhibit unusual behavior, as diffusion currents
overwhelm drift currents to such an extent that it becomes impossible to determine transit times (and
hence, carrier mobilities). At high fields, computed transients are more like those typically observed, with
well-defined plateaus and sharp transit times. Careful analysis, however, reveals that the non-dispersive
picture, and predictions of the CDE contradict both experiment and existing disorder-based theories in
important ways, and that the CDE should be applied rather cautiously, and even then only for engineering
purposes.

� 2015 Elsevier B.V. All rights reserved.
1. Introduction

Carrier transport in molecularly doped polymers (MDPs) has
been intensively studied over the last 35 years [1]. Initial investiga-
tions on these materials concentrated on obtaining technical infor-
mation needed for the emerging electrophotographic industry [2].
Since the early 1980s, however, scientific interest has shifted to the
development of a convincing microscopic theory of transport in
this class of materials, which provides a unique test-bed for the
study of hopping transport in general disordered systems because
important material properties that directly affect carrier transport
in them (as characterized by the mobility) are easily changed [3,4].
Among these properties are the dopant concentration (and thus
the mean distance between transport sites), the chemical structure
of dopant molecules (and thus their dipole moments), the dielec-
tric properties of the MDP medium (e.g., the relative dielectric per-
meability), and other physical and chemical properties of the
polymer matrix into which the transport molecules are doped.
Traditional studies of the electric field and temperature depen-
dence of the carrier mobility, as determined by the time of flight
(TOF) technique, supplemented with effects obtained by changing
the above-mentioned properties, has formed the experimental
basis for the development of microscopic theories [3–7].

Starting in the late 1970s, flat plateaus began to regularly
appear in room-temperature TOF current transients in MDP films
of sufficiently high quality [8]. This development marked a change
from earlier studies, which had focused on understanding the con-
tinuously decaying highly-dispersive current transients obtained
up till that time in terms of algebraic hopping time distribution
functions and multiple trapping models. The emergence of MDP
films exhibiting flat plateaus and non-dispersive current tran-
sients, by contrast, was initially viewed as evidence for equili-
brated, trap-free transport, in which, following an initial injection
spike, charge carriers relax to a thermal distribution of occupied
energy states, allowing the mobility to attain the steady-state bulk
value characteristic of the material itself [1,4]. This concept was
extensively used in describing TOF currents, as well as space
charge- (and emission-) limited currents in MDPs [2,9–11].

The simplest macroscopic approach to model non-dispersive
transport in homogeneous materials is the conventional 1D con-
vection–diffusion equation (CDE) with a spatially constant charge
carrier mobility l and diffusivity D, which describes diffusive
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transport in the presence of a constant, spatially uniform electric
field. Such an approach, stressing the importance of diffusion cur-
rents, was proposed by Hirao and co-workers for interpreting TOF
results obtained at low electric fields [12–14]. Prior to that work,
TOF experiments on MDPs had primarily been conducted at high
fields, so the effect of diffusion currents could be largely ignored
[1], although there was a general understanding that the wide,
slowly-decaying tails of measured TOF current transients implied
an enhanced spreading of the carrier packet as it drifted under
the influence of the field.

In their diffusion-based analysis, however, Hirao et al. [12–14]
used a Green function approach to the CDE that was rigorously
appropriate only to an unbounded medium, and was thus of ques-
tionable relevance to TOF experiments, which rely on carriers
traversing a sample of finite width bounded by physical contacts
with specific physical properties. In fact, for analyzing TOF experi-
ments it is more appropriate to treat the CDE as boundary value
problem, using, e.g., an eigenfunction expansion appropriate to
actual boundary conditions relevant to TOF experiments. It is the
aim of the present paper to provide a more rigorous CDE-based
treatment of TOF current transients for the two cases of surface
and uniform pulsed excitation, and to use a comparison of these
two different experimental configurations as a means of re-exam-
ining the importance of diffusion currents and the overall suitabil-
ity of the CDE as a tool for analyzing TOF transients in MDPs.

2. Basic considerations

The convection–diffusion equation describing the Gaussian
transport of mobile holes in a homogeneous material of thickness
L is

@p=@t ¼ D@2p=@x2 � v@p=@x ð1Þ

where p(x, t) is the time and position dependent concentration of
holes, and v = lF0 is the drift velocity that injected carriers develop
in the applied uniform electric field F0. The field is assumed to drive
holes from the front electrode of the polymer film at x = 0, kept at a
constant voltage, towards the counter electrode at x = L, which is
grounded. In a traditional TOF experiment with pulsed surface exci-
tation, a hole sheet is created at t = 0 near the front electrode, with a
surface density r0 that is much smaller than that of charges residing
on either electrode (the small signal regime).

We assume that the front electrode at x = 0 forms a perfectly
reflecting contact, which thus precludes the possibility of holes
accumulating there. To achieve this, we impose a boundary
condition

½vpðx; tÞ � D@pðx; tÞ=@x�jx¼0 ¼ 0; ð2Þ

in which the drift and diffusion currents exactly cancel at that point.
In our analysis, we consider two different approaches to

describing the counter electrode. In the first approach, the counter
electrode is assumed to form a neutral boundary that does not dis-
turb charge flow in the region to the left of it; for this approach the
hole concentration is assumed to vanish at positive infinity, i.e.,

pð1; tÞ ¼ 0: ð3Þ

In the second approach, the counter electrode is assumed to be per-
fectly absorbing, which requires that the hole concentration vanish
at x = L, i.e., that

pðL; tÞ ¼ 0: ð4Þ

As we will see, qualitatively similar current transients occur with
either boundary condition. The initial conditions relevant to the
experimental situations of interest are

pðx;0Þ ¼ r0dðxÞ ð5Þ
and

pðx;0Þ ¼ r0=L ¼ p0; ð6Þ

with Eq. (5) corresponding to the more commonly employed sur-
face generation of holes (the transients from which we refer to sim-
ply as TOF transients), and Eq. (6) to the case of a spatially-uniform
carrier generation profile (which results in what we refer to as a
TOF-2 transient, in accordance with nomenclature introduced in
earlier publications [15–19]). In order that it be compatible with
Eq. (2), the initial condition (5) is understood to represent the limit
as x0 approaches zero, from above, of the condition
pðx;0Þ ¼ r0dðx� x0Þ.

From the solution to the initial value-boundary condition prob-
lems described above, a general expression for the current tran-
sient measured in an external circuit is obtained from the
following equations

iðtÞ ¼ SjRðtÞ; ð7Þ

where

jRðtÞ ¼
e
L

v
Z L

0
pðx; tÞdxþ D½pð0; tÞ � pðL; tÞ�

� �
; ð8Þ

is the total current density inside a polymer slab at any plane per-
pendicular to the x-axis. In these equations, S is the area of an irra-
diated spot on the sample, and e is the magnitude of an elementary
electric charge. Note that jR represents an algebraic sum of the drift,
diffusion, and displacement current densities and depends on time,
but not on position.

To proceed, it is convenient to introduce dimensionless vari-
ables z ¼ x=L, and s = vt /L = t/tdr , where tdr = L/v is the theoretical
time of flight, in terms of which Eq. (1) can be rewritten in the form

@~p=@s ¼ ~D@2~p=@z2 � @~p=@z; ð9Þ

where ~D ¼ D=vL, ~pðz; sÞ ¼ pðx; tÞ=p0 and ~jRðsÞ ¼ jRðt=tdrÞ=evp0. In
these units, Eq. (8) transforms into

~jRðsÞ ¼
Z 1

0
~pðz; sÞdzþ ~D½~pð0; sÞ � ~pð1; sÞ�; ð10Þ

For boundary conditions (2) and (3), the solution to this latter equa-
tion can be written

~pðz; sÞ ¼
Z 1

0
Gðz; n; sÞ~p ðn;0Þdn; ð11Þ

where the Green function G gives the probability with these bound-
ary conditions to find a carrier at point z at time s, if it was injected
at a point n at s = 0. The general expression for the Green function is
known [20]

Gðz;n;sÞ¼ 1

2
ffiffiffiffiffiffiffiffiffiffi
p~Ds

p exp
z�n

2~D
� s

4~D

� �
� exp �ðz�nÞ2

4~Ds

" #(

þexp �ðzþnÞ2

4~Ds

" #
�1

~D

Z 1

0
exp �ðzþnþgÞ2

4~Ds
� g

2~D

" #
dg

)
: ð12Þ

The boundary and initial conditions (3)–(6) now look like
~pð1; sÞ ¼ 0, ~pð1; sÞ ¼ 0, ~pðz;0Þ ¼ dðzÞ and ~pðz; 0Þ ¼ 1. For the bound-
ary condition (4), the method of separation of variables leads to the
solution:

~pðz; sÞ ¼
X1
i¼1

AiviðsÞuiðzÞ; ð13Þ

where

viðsÞ ¼ expð�k2
i sÞ

uiðzÞ ¼ 1
Ni

exp z
2~D

� �
sin ki

2~D
z

� �
þ ki cos ki

2~D
z

� �n o
8<
:



Fig. 2. Computed TOF transients on logarithmic axes for values of ~D = 2.5 � 10�3

(1), 2.5 � 10�2 (2), 0.25 (3), and 2.5 (4).
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in which

ki ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2~Dk2

i þ 1
4~D

s
; ð14Þ

Ni ¼
1

2ki
sin

ki

~D

� �
ðk2

i � 1Þ þ 2sin2 ki

2~D

� �
þ 1

2~D
½1þ k2

i �
� �1=2

and in which the quantities fkig1i¼1 form a complete set of solutions
to the transcendental equation

tan
1

2~D
k

� �
¼ �k: ð15Þ

The coefficients Ai appearing in the solution (13) are given by the
relation

Ai ¼
Z 1

0
qðzÞuiðzÞ~pðz;0Þdz; ð16Þ

where

qðzÞ ¼ 1
~D

exp � z
~D

� �

We note in passing that the analysis in the present paper provides a
complementary computational approach to solving the convection–
diffusion equation with a reflecting boundary at the injecting con-
tact and an absorbing boundary at the counter electrode to that pre-
sented in Ref. [21], which employs an analytical Laplace
transformation, and a numerical Laplace inversion.

3. Computational results

In this section we present plots of normalized current transients
numerically obtained from the solutions to the CDE described in
the last section. We use these transients to identify parameter
regimes in which normal and anomalous TOF transients are pre-
dicted by the CDE, and explore correlations between (1) the shape
of the normal TOF transient produced for a given set of material
parameters and (2) the shape of the TOF-2 transients that would
be generated under the same conditions but with a spatially uni-
form initial carrier profile. In Figs. 1 and 2, we show normalized

TOF transients ~jRðsÞ plotted on both double-linear axes (Fig. 1)
and double-logarithmic axes (Fig. 2). This representation makes
the plots universal and dependent on the single parameter~D. In
Figs. 3 and 4, the corresponding normalized TOF-2 transients are
Fig. 1. Computed TOF transients on linear axes for values of ~D = 2.5 � 10�3 (1),
2.5 � 10�2 (2), 0.25 (3), and 2.5 (4). The procedure used for obtaining transit times
t0 and t1=2 is illustrated for curve 2 (these values are meant to be given in units of
time).
presented for the same values of ~D as those appearing in Figs. 1
and 2.

From Fig. 1, which is presented with traditional double-linear
axes, it is clear that the TOF transients labeled 1 and 2 both show
well-defined flat plateaus that are easily analyzed to find the cor-
responding times of flight using the usual methods [1], while those
labeled 3 and 4, associated with higher values of the parameter ~D,
are increasingly distorted by diffusion currents. Indeed, it can be
shown that, with a reflecting injection boundary, diffusion currents
in the CDE always dominate the current transient at short times,
leading to an apparent injection spike, which relaxes in a way that
mimics thermal equilibration (a process, which cannot happen in
the CDE, since it incorporates no information about energy states).
Obviously, from Fig. 1, this initial ‘‘diffusion’’ spike becomes less
pronounced for smaller values of ~D, e.g., at sufficiently high electric
fields, but actually dominates the transient for large values of ~D.

In the experimental TOF literature [1], there are two procedures
commonly used to determine the transit time. In the first, the tran-
sit time is identified as the time t0 at which the plateau (be it flat or
sloping downward) intersects the tangent to the trailing part of the
decaying current tail. In the second procedure, one instead uses the
time t1/2 at which the current falls to one-half its value at the pla-
teau. We have determined both of these times for each of the TOF
transients computed using the CDE in Figs. 1 and 2. In addition, we
have computed the transit time dispersion parameter
W = (t1/2 � t0)/t1/2, which is used to characterize the width of the
Fig. 3. Computed TOF-2 transients plotted on linear axes. ~D = 2.5 � 10�3 (1),
2.5 � 10�2 (2), 0.25 (3) and 2.5 (4).



Fig. 4. Computed TOF-2 transients plotted on logarithmic axes. ~D = 2.5 � 10�3 (1),
2.5 � 10�2 (2), 0.25 (3) and 2.5 (4).
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post-transit decay, and on logarithmic axes we have fit a ‘‘straight
line’’, corresponding to the functional relation j / t�b2 , to the
assumed algebraic post-transit decay (indicated by dotted lines
in Fig. 2). Computed values for t0, t1/2, W, and b2 for the transients
in Figs. 1 and 2 are presented in Table 1.

It is seen from Table 1, that for those transients (1 and 2) in
Fig. 1 in which a flat plateau emerges, the computed value of t1/2

gives an accurate estimate of the theoretical transit time. The esti-
mate provided by the value of t0, on the other hand, differs mark-
edly from the expected one for all values of ~D; for ~D = 0.25 it is not
even qualitatively correct. The strongly increasing values of W and
the decreasing values of b2 underline the qualitative difference in
shape of the transients as the effect of diffusion currents increases.

Indeed, transients 3 and 4 in Figs. 1 and 2 are qualitatively very
different from transients 1 and 2. Transient 3, with ~D = 0.25, allows
for an empirical determination of the transit time (the plateau is
sloping but clearly discernable), but the information obtained is
totally distorted: the computed value of t1/2 is more than 20% lower
than the theoretical value, while t0 is one-fifth the actual value.
Moreover, the parameter W for this transient is considerably larger
than typically observed in MDPs. Transient 4 in Figs. 3 and 4, for
which ~D = 2.5, is worse still: it is completely featureless and cannot
be analyzed using the methods described above. In these latter two
cases, diffusion currents dominate and mask the drift of carriers
across the sample, making an accurate determination of the time
of flight, and the underlying mobility, impossible. Note that within
the CDE picture, such a situation necessarily arises for sufficiently
large values of the dimensionless parameter ~D, which can occur as
a result of any combination of an excessively large diffusivity, an
exceptionally small electric field (or drift velocity), or a very thin
sample.

We now turn our attention to TOF-2 transients (corresponding
to uniform excitation), depicted in Figs. 3 and 4, and computed for
the same values of the parameter ~D used to compute the TOF tran-
sients in Figs. 1 and 2. An important observation is that the TOF-2
transients labeled 1 and 2, computed with parameter values that
Table 1
Graphically determined parameters for computed TOF curves depicted on Figs. 1 and
2.

~D t0=tdr t1=2=tdr W b2

2.5 � 10�3 0.89 0.99 0.1 40
2.5 � 10�2 0.70 0.97 0.27 15
0.25 0.20 0.78 0.74 4.3
2.5 – – – 1.3
led to flat plateaus in Fig. 1, now produce clear-cut linear ramps
with negative unit slope extending throughout the whole time
interval over which the corresponding TOF transients exhibit a flat
plateau (see Fig. 3). In contrast, the TOF-2 transients labeled 3 and
(especially) 4 feature slopes that continuously decay.

We also note that, independent of the magnitude of ~D, the ini-
tial ‘‘equilibration’’ spikes observed in Fig. 1, totally disappear with
uniform excitation (see Fig. 4).

As a result of this comparison, therefore, we have found that
there are qualitatively clear and important correlations predicted
by solutions to the CDE, regarding the shape of TOF and TOF-2
transients in the same sample: a TOF transient exhibiting a (per-
haps small) initial spike that settles into a flat (not just sloping)
plateau should correspond to a linearly-decreasing, spike-free
TOF-2 transient measured at the same temperature and electric
field, while the lack of such a flat plateau (i.e., a sloping plateau
or a transient with a continuously decreasing slope) in the TOF
transient should correspond to a TOF-2 transient with a continu-
ously decreasing slope.

These correlations regarding the shape of current transients
with different initial excitation profiles, therefore, provide a means
of experimentally testing whether the CDE is an appropriate trans-
port tool for analyzing TOF transients in real MDPs. Measurements
that validate these correlations would support the use of a CDE
based analysis, while measurements showing that these correla-
tions are violated would call such an analysis into question. In
the next section we present a set of experimental measurements
designed to explore this question.
4. Experimental

The molecularly doped polymer used in these experiments was
polycarbonate doped with 30 wt.% p-diethylaminobenzaldehyde
diphenylhydrazone (30% DEH:PC). The materials were dissolved
in dichloromethane: 1,1,2-trichloroethane (1:1 by weight) and
blade-coated onto ‘‘release paper’’. This paper is coated with a thin
layer of polyethylene. As a result, an MDP film can be easily peeled
away or ‘‘released’’ from the substrate following drying. In the fol-
lowing discussion, we call the film surface that was next to the
substrate the ‘‘release’’ surface while the opposite side is the ‘‘free’’
surface. Free-standing films of this MDP have been the subject of a
systematic TOF study [18].

MDP films were dried by oven-curing (80 �C) for 30 min, and
then peeled off the substrate and cut to appropriate size (40 mm
in diam.). Aluminum electrodes (about 50 nm thick, 32 mm in
diameter) were deposited in vacuum on both sides of the samples.
The film thickness L was determined by measuring the capacitance
of the film assuming a dielectric constant of 3.0. For the six samples
for which data is presented below this thickness ranged from 10 to
14 lm.

To conduct time-of-flight experiments, we used the electron
gun facility ELA-50, which is capable of supplying monoenergetic
electrons for which the electron energy E can be varied from 1 to
50 keV. The kinetic energy that the electrons lose as they pass
through the sample results in the generation of electron–hole pairs
that subsequently dissociate in the applied field. The current in
DEH:PC is primarily due to the migration of holes, which hop from
one DEH molecule to the next until they reach the cathode. Their
negative counter-ions, as well as the excess electrons deposited
by the e-beam, remain immobile.

Our primary aim has been to obtain satisfactory TOF transients
with a flat plateau by changing the electron gun energy in as few
steps as possible. In an initial energy range of 2–4 keV, current
transients featured cusps (i.e., current transients that, following
the spike, slowly increase to a maximum value before turning over
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at the onset of the tail). At somewhat higher energies, in the range
5–9 keV, current transients feature smoothly decreasing plateaus.
At some intermediate energy a flat plateau appears, and the exper-
imental goal was to find the electron energy at which this occurs.
Using some of our samples to probe this intermediate range, we
managed to find an appropriate energy within 2–3 steps on control
samples. We note that at this intermediate energy, the width of the
region of charge carrier generation is a small but still finite fraction
of the sample width. Thus, in the nomenclature of our earlier
papers, the transients actually produced in these experiments are
what we refer to as TOF-1a transients [15–18]. After the TOF-1a
transients are measured under conditions of (near) surface excita-
tion at these lower energies, TOF-2 measurements were made on
the same samples with bulk irradiation using higher energy 50-
keV electrons.

All experiments were performed in the small signal regime at
room temperature (about 295 K) in a vacuum of 3 � 10�2 Pa at
an applied field F0 = 20 V/lm. Data collection was performed digi-
tally, with collection rates of 4 � 105 s�1 for up to 10 s. The tempo-
ral profile of the electron beam pulse (of 20 ls duration) was, to a
good approximation, rectangular.

In Fig. 5, the resulting TOF-1a and TOF-2 transients for two dif-
ferent samples, of thickness 10 lm (in Fig. 5a) and 14 lm (in
Fig. 5b) are displayed on linear axes. In these figures, each of the
TOF-1a transients shows an initial spike, followed by a flat plateau,
and a wide post-transit tail.

The most important observation to make from Fig. 5, however,
is that over the time interval in which the TOF transient (labeled 1
Fig. 5. Experimental TOF-1a transients (1), and TOF-2 transients (2) plotted on
linear axes.
in these plots) exhibits a broad flat plateau (within the limits indi-
cated by A and B in each sub-figure), the TOF-2 transient (labeled
2) displays a hyperbolic decay with a continuously decreasing
slope, not the uniformly decreasing ramp that would be expected
for equilibrated transport obeying the predictions of the CDE.
Indeed, the slope of the TOF-2 transient between points A and B
in Fig. 5a diminishes by almost a factor of 7, in clear contrast to
the constant slope exhibited in transients obeying the CDE (see
transients 1 and 2 in Fig. 3). As the sample thickness increases in
Fig. 5b, the decrease in slope over this time interval slightly dimin-
ishes to a factor of 6.3. (We ascribe some of this decrease to the fact
that with thicker sample, irradiation of the film becomes more
non-uniform.) In addition to these features, the post transit decay
in the measured TOF-1a transients is algebraic, as expected, but
with a relatively small decay exponent b2 � 2.3, as described in
Refs. [15] and [17], rather than the much larger decay exponents
of 40 and 15 observed in solutions to the CDE for those transients
that exhibit a flat plateau (see Fig. 2).

On this basis, we conclude that, although the CDE provides a
straightforward heuristic tool for describing current transients, it
does not, in fact, correctly describe the evolution of carrier packets
in typical MDPs, since in real materials the shape correlations pre-
dicted by the CDE relating TOF and TOF-2 transients measured
under the same conditions are strongly violated. This suggests that
transport in MDPs is highly non-Gaussian, with higher moments of
the charge carrier distribution playing an important role.
5. Discussion

The idea of using the CDE to analyze transport in systems,
which exhibit TOF transients with flat plateaus and sufficiently
sharp tails is both natural, and in many cases, justifiable. Indeed,
the CDE seems to describe at least reasonably well charge trans-
port in some organic single crystals that exhibit Gaussian transport
of both electrons and holes. For example, room temperature TOF
transients measured in single crystals of anthracene [22,23] dis-
played a flat plateau, no initial equilibration spike, and a short dif-
fusive tail, even though the applied electric field used in the
measurements was only 10 V/280 lm � 360 V/cm. The mobility
deduced from those measurements was l = 1.75 cm2/(Vs), while
the experimentally deduced diffusivity was estimated to be
0.06 cm2/s. This last value compares reasonably well with the
value 0.044 cm2/s computed from the mobility using Einstein’s for-
mula, l = eD/kT, which, being a consequence of the fluctuation–
dissipation theorem [24], necessarily relates the low field mobility
to the zero-field diffusion constant. A simple calculation of the
parameters ~D and W for this system leads to the values
~D = 2.5 � 10�3, which is the same as that used to compute transient
1 in Fig. 1, and W = 0.25, which is relatively close to the CDE predic-
tion of 0.1 appearing in Table 1 for that particular transient.
(Evidently, these small differences can be ascribed to other extra-
neous sources of packet broadening, although the authors of Ref.
[23] claimed that the anthracene crystals used in their work went
through exceptionally thorough preparation and testing
procedures.)

Starting with studies by Borsenberger et al. in the early 1980s,
an observation of flat plateaus on room temperature TOF transients
became rather common [1], in contrast to early work [25] in which
dispersive transients in a typical MDP had been observed that
could not be analyzed using a linear current–time representation.
In this situation, attempts to apply the CDE for analyzing TOF tran-
sients were inevitable, particularly since it was believed that the
appearance of a flat plateau following a short initial spike signaled
the rapid thermal equilibration of charge carriers to lower energy
transport sites. Such an equilibration was observed in Monte



Fig. 6. TOF transients 1, 3, and 5, computed for ~D = 0.025 (as in transient 2 of Fig. 1),
and TOF transients 2, 4, and 6 computed with ~D = 0.25 (as in transient 3 of Fig. 1).
Theoretical approaches used include the Green function approach of Eq. (11),
depicted as solid lines in transients 1 and 2, the analytical solution represented by
Eq. (13) with an absorbing boundary at x ¼ L, depicted in transients labeled 3 and 4,
and the approximate expression of Eq. (19), used by Hirao and coworkers [12–14],
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Carlo calculations performed on the Gaussian disorder model
(GDM) [3,4], proposed at about the same time, in which charge car-
riers were assumed to hop among lattice sites having site energies
drawn from a Gaussian distribution.

In spite of the fact that Einstein’s formula relating the mobility
and the diffusion constant is strictly valid only in the low field limit
(i.e., when the mobility is independent of field), the CDE was used
in a series of investigations to study its applicability to MDPs
(which feature a strongly field dependent mobility, making the
validity of the Einstein relation less than obvious). As a result, an
approach emerged based on an approximate but analytical treat-
ment of TOF transients in terms of the CDE [26–29]. In much of this
work, diffusion currents were neglected and the current was
assumed to obey the following approximate relation (given here
in dimensionless units)

~jdrðsÞ ¼ 0:5 1þ erf
ð1� sÞffiffiffiffiffiffiffiffiffi

4~Ds
p
" #( )

; ð17Þ

where erf ðxÞ is the error function. From this relation, it is possible to
analytically compute the transit time dispersion parameter

W ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pD=lF0L

p
¼

ffiffiffiffiffiffiffi
p~D

p
: ð18Þ

Studies based on these equations [26–28], concluded that
(within the approximations employed), Einstein’s formula relating
the kinetic coefficients is not generally valid in MDPs for the elec-
tric fields with which they are typically probed. Indeed, extracted
values of the ratio f = eD/lkT (which equals unity in Einstein’s rela-
tion) were always found to be greater than the expected value,
often by orders of magnitude, and were found to increase linearly
with the square of the applied field. Monte Carlo simulations per-
formed on the GDM supported the general trends deduced from
experiment [7,26–28], and in fact, several theoretical treatments
[7,30,31] of field-assisted hopping in energetically disordered sys-
tems predicted just such an enhancement in the rate of charge car-
rier spreading. In Ref. [7], for example, a simple generalization of
Einstein’s relation, applicable at all electric fields, was derived for
solutions to a variant of the CDE describing diffusion and convec-
tion in an energetically disordered random potential.

It is important to emphasize, however, that the breakdown of
Einstein’s relation at high fields does not, by itself, contradict the
possibility that the CDE could indeed provide a realistic description
of the evolution of the charge carrier packet, over length and time
scales large compared to those which characterize the underlying
microscopic disorder: it only implies that the low field relation
between the kinetic coefficients is different from that which
applies at higher fields.

It is in this physical context that an attempt was made by Hirao
and co-workers [12–14] to use a different CDE-inspired approach
to explain unusual results concerning the field dependence of the
mobility at applied fields that were relatively low (although still
far from the Ohmic limit, which is generally inaccessible in
MDPs). In that work, approximate expressions used in previous
CDE-based studies were heuristically extended, to include the
influence of diffusion currents. Using a Green function appropriate
to an unbounded medium, the authors of that work proposed that
the total current density in MDPs may be approximated by the fol-
lowing analytical expression (presented here in our dimensionless
form)

~jRðsÞ ¼ erf
sffiffiffiffiffiffiffiffiffi
4~Ds

p
 !

þ erf
ð1� sÞffiffiffiffiffiffiffiffiffi

4~Ds
p
" #( )

þ

ffiffiffiffiffiffi
~D
ps

s

� exp � s2

4~Ds

� �
� exp �ð1� sÞ2

4~Ds

" #( )
: ð19Þ
Although approximate, these closed-form analytical expres-
sions make it easy to extract from a given transient the kinetic
coefficients l and D, which in the case of MDPs have steady state
values that are expected to be functions of the applied electric
field, and which presumably emerge at larger length scales as a
consequence of the underlying hopping transport [3–7] taking
place microscopically.

In view of the remarks presented above, there is no a priori rea-
son to expect such an approach to be invalid, but perhaps because
(1) the authors used an approximate treatment of the solutions to
the CDE using inappropriate boundary conditions, and (2) because
of an incorrect view of many in the field that the underlying trans-
port coefficients should obey Einstein’s relation if the CDE is to give
a correct description, the analysis of Refs. [12–14] ignited a long-
lasting controversy regarding the applicability of the CDE to
describe TOF transients in MDPs with flat plateaus but slowly
decaying tails [32,33].

In this paper we have attempted to eliminate some of the
uncertainty regarding appropriate and inappropriate use of the
CDE for analyzing current transients, by (1) employing a more rig-
orous solution of the CDE for boundary conditions more appropri-
ate to actual TOF experiments, and (2) identifying correlations in
the shape of current transients that arise from solutions to the
CDE for different initial excitation profiles. On the basis of these
computational studies, we are therefore in a position to examine
the degree to which earlier approximations to solutions of the
CDE have correctly or incorrectly captured both qualitative and
quantitative aspects of the TOF transients that they were intended
to analyze.

In Fig. 6 we compare numerical results obtained with the differ-
ent exact and approximate methods outlined above, for the same
values of ~D used to compute the TOF transients in Fig. 1 that exhi-
bit flat plateaus. In this figure, it is seen that for values of the
parameter ~D 6 0.025, both of the approaches based on an exact
solution to the CDE with a reflecting boundary at x = 0, give similar
results regarding the slope and range of the plateau, although they
differ in their description of the post-transit tail. As one would
expect, the tail that emerges with an absorbing boundary at x = L
falls more rapidly than the neutral boundary condition. In contrast,
transients computed using the approximate treatment of Hirao and
coworkers [12–14] incorrectly predict for ~D = 0.25 (curve 6 on
depicted in transients 5 and 6.
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Fig. 6) significant spikes at early times. At even larger values of ~D
(not shown here) differences between the approximate and exact
solutions grow, demonstrating the importance of correctly incor-
porating the reflecting boundary condition at x = 0 when attempt-
ing to determine the relative importance of diffusion currents on
the TOF transient. This observation obviously underscores the
important physical question of just what are the actual boundary
conditions existing at metallic contacts in real MDP samples.

In addition to these points, we note that it has been recently
suggested that in at least some (particularly polar) MDP samples
prepared by the solution casting method, the emergence of a flat
plateau in TOF transients may largely be a fortuitous event arising
from the presence of a depleted surface layer a few micrometers
thick. [15–18] In such samples, it has been suggested, TOF tran-
sients are better described by a two-layer multiple trapping model
with a Gaussian trap distribution. An exact procedure for recover-
ing model parameters in such situations has been presented in
Refs. [17] and [18].

6. Conclusions

In this paper we have presented numerically exact solutions to
the convection diffusion equation in a geometry and with bound-
ary conditions appropriate to TOF experiments on MDPs, in an
attempt to test the validity of earlier approximate CDE-based treat-
ments, and more importantly, to establish or refute the applicabil-
ity of the CDE for describing transport in this class of materials. We
find that earlier approximate treatments intended to describe cur-
rent transients at low electric fields show significant deviations
from, and unphysical attributes not shared by the numerically
exact solution.

More importantly, by analyzing the transients that arise from
two different initial charge carrier profiles, we have identified tran-
sient shape correlations that are a necessary consequence of charge
transport in any system governed by the CDE. Experimental mea-
surements, presented here, show that transport in a typical MDP,
even when it leads to an extended flat plateau in a standard TOF
experiment, strongly violates those correlations. Solutions to the
CDE exhibit additional features that are difficult to reconcile with
those commonly observed in MDPs. It has been noted previously,
e.g., and is apparent from our numerically exact calculations, that
in solutions to the CDE where a flat plateau emerges, the post tran-
sit decay is much sharper, and is thus characterized by much larger
value of the algebraic decay exponent b2 > 10 then is commonly
observed in MDPs, where more typically b2 � 2.

In addition, as we have discussed, in the CDE any initial current
spike that appears arises entirely from the diffusion current, since
no thermal equilibration of charge carriers takes place in that
equation. But as our calculations show, the role and magnitude
of the diffusion spike relative to the drift current appreciably
reduces for small values of the dimensionless parameter ~D = D/vL.
Experiments have shown, however, that current transients show
strong universality with respect to the electric field, i.e., appropri-
ately scaled TOF transients measured at different electric fields for
the same sample lie on a single universal curve [15]. If transport in
MDPs were in fact described by the CDE, this observed universality
would imply that, at all fields, D/l = F0L. While it is not impossible
that this relation is, in fact, satisfied at sufficiently high fields, it has
not, as of yet, been theoretically derived or predicted, nor has it
been observed in numerical calculations on the GDM [3], or on
the correlated generalizations of that model that (unlike the
GDM itself) correctly predict the Poole–Frenkel field dependence
observed in the measured mobility [5–7]. Moreover, this scaling
law required for universality in the CDE is certainly violated at very
low fields where, in linear response, Einstein’s relation D = lkT/e
implies that the ratio D/l is independent of the field.

There is strong evidence to conclude, therefore, that transport in
typical MDPs is not realistically described by the convection diffu-
sion equation. Applicability of the concept of non-dispersive trans-
port, to the extent that is linked to the CDE, is similarly doubtful,
therefore, and can be viewed as an expression, perhaps, of an
overly optimistic view of the importance of a flat plateau.
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